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Abstract. In this paper, we introduce generalized almost para-contact manifolds
and obtain normality conditions in terms of classical tensor fields. We show that such
manifolds naturally carry certain Lie bialgebroid/quasi-Lie algebroid structures on
them and we relate this new generalized manifolds with classical almost para-contact
manifolds. The paper contains several examples.
1. Introduction
As a unification and extension of usual notions of complex manifolds and
symplectic manifolds, the notion of generalized complex manifolds was intro-
duced by Hitchin [8]. This subject has been studied widely in [7] by Gualtieri.
In particular, the notion of a generalized Ka¨hler structure was introduced and
studied by Gualtieri in the context of the theory of generalized geometric struc-
tures. Later such manifolds and their submanifolds have been studied in many
papers. For instance, in [3], Crainic gave necessary and sufficient conditions for
a generalized almost complex manifold to be generalized complex manifold in
terms of classical tensor fields. Generalized pseudo-Ka¨hler structures have been
also studied recently in [4]. Generalized geometry has received a reasonable
amount of interest due to possible several relations with mathematical physics.
Indeed, generalized Ka¨hler structures describe precisely the bi-Hermitian geom-
etry arising in super-symmetric σ− models [5].
A central idea in generalized geometry is that TM⊕TM∗ should be thought
of as a generalized tangent bundle to manifold M . If X and ξ denote a vector
field and a dual vector field on M respectively, then we write (X,α) (or X +α)
as a typical element of TM ⊕ TM∗. The space of sections of the vector bundle
TM⊕TM∗ is endowed with two natural R− bilineer operations: for the sections
(X,α), (Y, β) of TM ⊕ TM∗ = TM, a symmetric bilinear form <,> is defined
by
< X + α, Y + β >=
1
2
(iXβ + iY α), (1.1)
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and the Courant bracket of two sections is defined by
J(X,α), (Y, β)K = [X,Y ] + LXβ − LY α −
1
2
d(iXβ − iY α), (1.2)
where d, LX and iX denote exterior derivative, Lie derivative and interior deriva-
tive with respect to X , respectively. The Courant bracket is antisymmetric but,
it does not satisfy the Jacobi identity. In this paper we adapt the notions
β(π♯α) = π(α, β) and ω♯(X)(Y ) = ω(X,Y ) (1.3)
which are defined as π♯ : TM∗ → TM , ω♯ : TM → TM∗ for any 1-forms α and
β, 2-form ω and bivector field π, and vector fields X and Y . Also we denote by
[, ]π, the bracket on the space of 1-forms on M defined by
[α, β]π = Lπ♯αβ − Lπ♯βα− dπ(α, β). (1.4)
As an analogue of generalized complex structures on even dimensional man-
ifolds, the concept of generalized almost subtangent manifolds were introduced
in [14] and such manifolds have been studied in [14] and [16]. On the other
hand, the notion of a generalized contact pair on a manifold M was introduced
by Poon and Wade in [11], see also [13], [15] and [17]. As we mention above,
the framework of generalized almost complex structures puts almost symplec-
tic structures and almost complex structures on an equal footing. Similarly
the notion of a generalized almost contact structure unifies almost cosymplectic
structures and almost contact structures.
In this paper, we introduce generalized almost para-contact structures/ man-
ifolds and show that such manifolds include para-contact manifolds as a subclass.
Then we investigate normality conditions for generalized almost para-contact
manifolds in terms of classical tensor fields and obtain certain Lie algebroid
structures ( Courant algebroid, quasi-Lie bialgebroid) on such manifolds. We
give various examples and show that classical almost para-contact manifolds
can be described in this generalized geometry.
The paper is organized as follows. In section 2, we recall some basic notions
needed for the paper. In section 3, we define generalized almost para-contact
manifold, give examples and obtain normality conditions for generalized almost
para-contact manifolds in terms of classical tensor fields. In section 4, we investi-
gate Lie algebroid structrures on generalized almost para-contact manifolds. For
this aim, we construct several subbundles of big tangent bundle and show that
all these subbundles are isotropic and then we use this information to obtain
a characterization for quasi-Lie bialgebroid structure on a almost generalized
para-contact manifold. We also introduce to the notion of strong generalized
para-contact manifold and provide an example. In section 5, we show that clas-
sical normal almost para-contact manifolds are strong generalized para-contact
manifolds.
2
2. Preliminaries
An (2n + 1) dimensional smooth manifold M has an almost para-contact
structure (ϕ,E, η) if it admits a tensor field ϕ of type (1, 1), a vector field E
and a 1− form η satisfying the following compatibility conditions
ϕ(E) = 0 , η ◦ ϕ = 0 (2.1)
η(E) = 1 , ϕ2 = id− η ⊗ E (2.2)
and the tensor field ϕ induces an almost paracomplex structure on each fibre on
the distribution D generated by η. An immediate consequence of the definition
of the almost para-contact structure is that the endomorphism ϕ has rank 2n.
LetM (2n+1) be an almost para-contact manifold with structure (ϕ,E, η) and
consider the manifoldM (2n+1)×R. We denote a vector field onM (2n+1)×R by
(X, f d
dt
), whereX is tangent toM (2n+1), t is the coordinate on R, and f is a C∞
function on M (2n+1) ×R. An almost paracomplex structure J on M (2n+1) ×R
is defined by
J(X, f
d
dt
) = (ϕX + fE, η(X)
d
dt
).
If J is integrable which means that the Nijenhuis tensor of J , NJ , vanishes,
we say that the almost para-contact structure (ϕ,E, η) is normal. For details,
see:[9] and [18].
We now recall the notion of generalized almost para-comlex structure on
TM = TM ⊕ TM∗. A generalized almost paracomplex structure on M is a
vector bundle automorphism J on TM such that J 2 = I, J 6= I and J is
orthogonal with respect to <,>, i.e.,
< J e1, e2 > + < e1,J e2 >= 0, e1, e2 ∈ Γ(TM). (2.3)
A generalized almost paracomplex structure can be represented by classical
tensor fields as follows:
J =
[
a π♯
θ♯ −a∗
]
(2.4)
where π is a bivector on M , θ is a 2-form on M , a : TM → TM is a bundle
map, and a∗ : TM∗ → TM∗ is dual of a, for almost para-complex structures
see:[14] and [16].
A generalized almost paracomplex structure is called integrable (or just para-
complex structure) if J satisfies the following condition
JJα,J βK− J (JJ α, βK+ Jα,J βK) + Jα, βK = 0, (2.5)
for all sections α, β ∈ Γ(T M).
3
3. Generalized almost para-contact manifolds
In this section, we are going to define generalized almost para-contact struc-
ture and obtain the normality conditions. We first propose the following defini-
tion.
Definition 1. A generalized almost para-contact structure (F ,Z, ξ) on a
smooth odd dimensional manifold M consists of a bundle endomorphism F
from TM to itself and a section Z + ξ of TM such that
F + F∗ = 0 , ξ(Z) = I (3.1)
F(ξ) = 0 , F(Z) = 0 (3.2)
F2 = I − Z ⊙ ξ (3.3)
where Z ⊙ ξ is defined by
(Z ⊙ ξ)(X + α) = ξ(X)Z + α(Z)ξ. (3.4)
The bundle map F : TM −→ TM is given by
F =
[
F π♯
σ♯ −F ∗
]
, (3.5)
where F : TM −→ TM is a bundle map. The following example shows that
generalized almost para-contact structure is really a generalization of almost
para-contact structure.
Example 1. Associated to any almost para-contact structure, we have a gen-
eralized almost para-contact structure by setting
F =
[
ϕ 0
0 −ϕ∗
]
,
with the given vector field E and 1-form η.
We give another example of generalized almost para-contact manifolds.
Example 2. LetH3 be the three-dimensional Heisenberg group and {X1, X2, X3}
a basis for its algebra h3 so that [X1, X2] = −X3. Let {α1, α2, α3} be a dual
frame. Then dα3 = α1 ∧ α2. Now for some real number ϑ, we define
F = cosh ϑ(X2 ⊗ α
2 +X3 ⊗ α
3) , ξ = α1, Z = X1
σ = sinh ϑ(α2 ∧ α3) , π = sinh ϑ(X2 ∧X3).
We also , as given in (3.5), define
F =
[
F π♯
σ♯ −F ∗
]
.
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Then (ξ,Z, π, σ, F ) is a generalized almost para-contact structure on H3.
We now obtain the normality conditions for a generalized almost para-
contact structure. For this aim, we make the following definition.
Definition 2. A generalized almost para-complex structure J onM ×R is said
to be M− adapted if it has the following three properties
(i) J is invariant by translation along R.
(ii) J (TR⊕ 0) ⊆ 0⊕ TM∗.
(iii) J (0⊕ TR∗) ⊆ TM ⊕ 0.
The invariance of J by translations means that the Lie derivatives d
dt
of the
classical tensor fields of J defined by (2.4) vanish. If conditions (ii) and (iii)
are also imposed, it follows that the classical tensor fields of an M− adapted,
generalized almost para-complex structure are of the form
a = F, π = P + Z ∧
d
dt
, θ = σ + ξ ∧ dt (3.6)
where P is a bivector on M , σ is a 2-form on M , F : TM → TM is a bun-
dle map. A generalized, almost para-contact structure will be called normal
if the corresponding M− adapted, generalized almost para-complex structure
on M × R is integrable. The following theorem gives necessary and sufficient
conditions for a generalized almost para-contact manifold.
Theorem 3.1. A generalized, almost para-contact structure is normal if and
only if the following conditions are satisfied.
(A1) P satisfies the equation
[P ♯α1, P
♯β1] = P
♯([α1, β1]P ). (3.7)
(A2) P and F are related by the following two formulas
FP ♯ = P ♯F ∗ (3.8)
F ∗([α1, β1]P ) = LP ♯α1F
∗β1 − LP ♯β1F
∗α1 + dP (β1, F
∗α1). (3.9)
(A3) P , σ and F are related by the following four formulas
iZσ = 0, iξP = 0 , F
2 = Id− P ♯σ♭ −Zt ⊗ ξ (3.10)
NF (X,Y ) = P
♯(iX∧Y (dσ
♭))− (dξ(X,Y ))Z. (3.11)
(A4) ξ, Z,F and σ♭ are related the following formulas
F (Z) = 0, ξ ◦ F = 0 , (LFXξ)Y − (LFY ξ)X = 0 (3.12)
dσF (X,Y, Z) = dσ(FX, Y, Z) + dσ(X,FY, Z)
+dσ(X,Y, FZ). (3.13)
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(A5) ξ, P , F and Z satisfy the following equations
LZξ = 0, LZP = 0, LZF = 0, LZσ
♭ = 0, LP ♯α1ξ = 0 (3.14)
for X,Y, Z ∈ Γ(TM) and α1, β1 ∈ Γ(TM
∗).
Proof. The condition J 2 = I implies the first equations appearing in (A2),
(A3) and (A4). For remaining parts, we need to check the integrability of J ,
i.e.
N (X ,Y) = JJX ,JYK− J JX ,J Y K− J JJX,YK+ JX ,YK = 0
for X ,Y,Z ∈ Γ(T M⊕R). First, if X = (0, 0, α1, 0) and Y = (0, 0, β1, 0) are 1−
forms, then we have, as the vector field part,
[P ♯α1, P
♯β1] = P
♯(LP ♯α1β1 − LP ♯β1α1 − dP (α1, β1))
which is (3.7) due to (1.4). For the 1− form part, we get (3.9). Now for vector
fields X = (X, 0, 0, 0) and Y = (Y, 0, 0, , 0) we have
[FX,FY ]− F [FX, Y ]− F [X,FY ] + [X,Y ] − P ♯(LXσ
♭(Y )− LY σ
♭(X)
+dσ(X,Y ))− (LY ξ(X))(Z) + (LY ξ(X))(Z) = 0.
But using the following formula
iX∧Y (dσ) = LX(iY (σ)) − LY (iX(σ)) + d(iX∧Y σ)− i[X,Y ]σ
we arrive at
NF (X,Y ) = P
♯(iX∧Y (dσ
♭))− (dξ(X,Y ))Z
which is (3.11). For 1− form part, we have
LFXσ
♭(Y )− LFY σ
♭(X) −
1
2
dσ(Y, FX) +
1
2
dσ(X,FY )
+F ∗(LXσ
♭(Y )− LY σ
♭(X) + dσ(X,Y ))− σ♭([X,FY ])
−σ♭([X,FY ]) = 0) (3.15)
and
FX(ξ(Y ))− FY (ξ(X))− ξ([FX, Y ])− ξ([X,FY ]) = 0. (3.16)
Now using the following formula
dσ(X,Y, Z) = LXσ(Y, Z) + LY σ(Z,X) + LZσ(X,Y )
−σ([X,Y ], Z)− σ([Z,X ], Y )− σ([Y, Z], X)
then, (3.15) and (3.16) give (3.12) and (3.13). For X = (X, 0, 0, 0) and Y =
(0, 0, α1, 0), we have, as 1− form part,
LXα1 − LFXF
∗α1 − LP ♯α1σ
♭(X) + F ∗(LFXα1 − LXF
∗α1)
+
1
2
d(α1(F
2X) + σ(X,P♯♯α1) − α1(X) + α1(Z)ξ(X))
−σ♭([X,P ♯α1]) = 0.
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Then from the third equation of (3.10) we arrive at
LXα1 − LFXF
∗α1 − LP ♯α1σ
♭(X) + F ∗(LFXα1 − LXF
∗α1)
−dα1(P
♯σ♭(X))− σ♭([X,P ♯α1]) = 0. (3.17)
And for the vector field part, we obtain
[FX,P ♯α1]− F [X,P
♯α1]− P
♯(LFXα1 − LXF
∗α1) = 0
which is equivalent to (3.9). And (3.17) is equivalent to (3.15). For X =
(0, ∂∂t , 0, 0) and Y = (0, 0, 0, dt), we obtain the first equation in (3.14). In a
similar way, we derive the other equations.
Now by using F, σ, P , we can write the endomorphism F of TM as
F
(
X
α
)
=
[
F P ♯
σ♯ −F ∗
](
X
α
)
. (3.18)
Also using Z and ξ, we can define the endomorphism Z of T M given by
Z
(
X
α
)
=
[
Z ⊗ ξ 0
0 (Z ⊗ ξ)t
](
X
α
)
. (3.19)
Now we give a characterization for normality in terms of (F ,Z, (Z, ξ)).
Theorem 3.2. Let M be an odd dimensional manifold. Then (F ,Z, (Z, ξ))
defines generalized normal contact structure on M if and only if the following
conditions are satisfied.
(i) For (X,α) ∈ Γ(T M), F and Z are related by the following formulas
F2 = I − Z (3.20)
NF ((X,α), (Y, β)) = ZJ(X,α), (Y, β)K. (3.21)
(ii) For (X,α) ∈ Γ(imF), Z, ξ and F are related by the following formulas
‖ Z ⊕ ξ ‖g= 1 (3.22)
J(Z, 0),F((X,α)K = F(LZX,LZα), (3.23)
where g is the neutral metric of TM given by
g((X,α), (Y, β)) = α(Y ) + β(X).
(iii) For (X,α) ∈ Γ(imF), Z, ξ and F are related by the following formulas
♭g ◦ F + F
t ◦ ♭g = 0,F ◦ Z = 0 (3.24)
JF(X,α), (0, ξ)K = F(0, LXξ). (3.25)
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Proof. Using (3.6) and J 2 = I we have
(F 2 + P ♯σ♭)(X) + (FP ♯ − P ♯F ∗)(α)
gFZ + ξ(X)Z + (σ♭(X)− F ∗α+ fξ)(Z)
d
dt
(σ♭ ◦ F − F ∗ ◦ σ♭)(X) + (σ♭ ◦ P ♯ + F ∗2)(α)
gσ♭(Z)− fF ∗ξ + α(Z)ξ + (ξ(FX + P ♯α+ gZ))dt
= X + f
d
dt
+ α+ gdt. (3.26)
Then (3.20), (3.22) and (3.24) follow from (3.26). On the other hand we have
J (X + f
d
dt
, α+ gdt) = F(X,α) + g(Z, 0) + f(0, ξ)
(α(Z)
d
dt
, ξ(X)dt). (3.27)
It is clear that (X,α) ∈ Γ(imF) if and only if ξ(X) = 0 and α(Z) = 0. Now we
check the normality conditions. Since
TM = imF ⊕ Sp{(Z, 0)} ⊕ Sp{(0, ξ)} ⊕ Sp{(
d
dt
, 0)} ⊕ Sp{(0, dt)},
it will be enough to consider combinations (X,α) ∈ Γ(imF), (0, ξ), ( d
dt
, 0),
(0, dt). For ( d
dt
, 0), (0, dt), since J ( d
dt
, 0) = (0, ξ) and J (0, dt) = (Z, 0), we
obtain
NJ ((
d
dt
, 0), (0, dt)) = 0⇔ LZξ = 0. (3.28)
For (Z, 0), (0, ξ), we get
NJ ((Z, 0), (0, ξ)) = 0⇔ LZξ = 0. (3.29)
For (X,α) ∈ Γ(imF), (0, dt), using (3.27) we have
NJ ((X,α), (0, dt)) = 0⇔ JF(X,α), (Z, 0)K = F(LXZ,LZα). (3.30)
For (X,α) ∈ Γ(imF),( d
dt
, 0), using (3.27) we obtain
NJ ((X,α), (
d
dt
, 0)) = 0⇔ JF(X,α), (0, ξ)K = F(0, LXξ). (3.31)
For (X,α), (Y, β) ∈ Γ(imF), again from (3.27) we derive
NJ ((X,α), (Y, β)) = 0⇔ NF ((X,α), (Y, β)) − ZJ(X,α), (Y, β)K = 0. (3.32)
Remaining combinations give the conditions obtained in (3.28)-(3.31). Note
that the condition LZξ = 0 in (3.28) is equivalent to (3.21).
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4. Lie bialgebroid structures on generalized al-
most para-contact manifolds
In this section we are going to investigate necessary and sufficient conditions
for the existence of Lie bialgebroid structures on a generalized para-contact
manifold. We first recall some notions needed for this section. A Lie algebroid
structure on a real vector bundle A on a manifold M is defined by a vector
bundle map ρA : A → TM , the anchor of A, and an R-Lie algebra bracket on
Γ(A), [, ]A satisfying the Leibnitz rule
[α, fβ]A = f [α, β]A + LρA(α)(f)β
for all α, β ∈ Γ(A), f ∈ C∞(M), where LρA(α) is the Lie derivative with respect
to the vector field ρA(α). Suppose that A −→ P is a Lie algebroid, and that its
dual bundle A∗ −→ P also carries a Lie algebroid structure. Then (A;A∗) is a
Lie bialgebroid if for any X,Y ∈ Γ(A),
d∗[X ;Y ] = LXd∗Y − LY d∗X,
where d∗ is the exterior derivative associated to A
∗. On the other hand, a
Courant algebroid E −→ M is a vector bundle on M equipped with a non-
degenerate symmetric bilinear form <,>, a vector bundle map ρ : E −→ TM ,
a bilinear bracket ◦ on Γ(E) satisfying
(c1) e1 ◦ (e2 ◦ e3) = (e1 ◦ e2) ◦ e3 + e2 ◦ (e1 ◦ e3),
(c2) e ◦ e = ρ∗d < e, e >,
(c3) Lρ(e) < e1, e2 >=< e ◦ e1, e2 > + < e1, e ◦ e2 >,
(c4) ρ(e1 ◦ e2) = ρ[e1, e2],
(c5) e1 ◦ fe2 = f(e1 ◦ e2) + Lρ(e1)fe2
for all e, e1, e2, e3 ∈ Γ(E) and f ∈ C∞(M,R). It is known that (TM ⊕ TM∗)
with the non-degenerate metric <,> given in (1.1) and Courant bracket form
a Courant algebroid. The anchor is the natural projection from the direct sum
to the summand TM . The following result is well known.
Theorem 4.1. [10] If (A,A∗) is a Lie bialgebroid, then A ⊕ A∗ together with
([X,Y ]A, ρA, J, K) is a Courant algebroid, where J, K denotes the Courant bracket
given in (1.2). Conversely, in a Courant algebroid (E, ρ, [, ]A, ◦), suppose that
L1 and L2 are Dirac subbundles transversal to each other, then (L1, L2) is a Lie
bialgebroid.
A real, maximal isotropic sub-bundle L ⊂ TM ⊕ TM∗ is called an almost
Dirac structure. If L is involutive, then the almost Dirac structure is said to be
integrable, or simply a Dirac structure. Similarly, a maximal isotropic and in-
volutive para-complex sub-bundle L ⊂ (TM ⊕ TM∗)C is called a para-complex
9
Dirac structure.
A quasi-Lie bialgebroid [12] is a Lie algebroid (A, [, ]A, ρ) equipped with a
degree-one derivation d∗ of the Gerstenhaber algebra (Γ(∧•), [, ]A,∧) and a 3−
section of A, XA ∈ Γ(∧
3A) such that d∗XA = 0 and d
2
∗ = [XA, ]. If XA is the
null section, then d∗ defines a structure of Lie algebroid on A
∗ such that d∗ is
a derivation of [, ]A. Let (A, [, ]A, ρ) be a Lie algebroid and consider any closed
3-form φ. Equipping A∗ with the null Lie algebroid structure, (A∗, dA, π) is
canonically a quasi-Lie bi-algebroid. We note that Lie algebroid structures have
been also extended to Poisson-Nijenhuis structures [6]
LetM be a generalized almost para-contact manifold and F the bundle map
given in (3.5). Then it has one real eigenvalue, namely, 0. The corresponding
eigenbundle is trivialized by Z and ξ, and we denote these bundles by LZ and
Lξ, respectively. Let kerξ be the distribution on the manifold M defined by
the point-wise kernel of the 1-form ξ. Similarly, kerZ is the sub-bundle of
TM∗ defined by the point-wise kernel of the vector field Z with respect to
its evaluation on differential 1-forms. On the paracomplexified bundle (TM ⊕
TM∗)C, we have that F has three eigenvalues, namely, 0, 1 and −1. We now
define
E(1,0) = {X + eFX | X ∈ Γ(kerZ ⊕ kerξ)}
E(0,1) = {X − eFX | X ∈ Γ(kerZ ⊕ kerξ)}
where e2 = 1, The extension F of the endomorphism F with eigenvalues ∓1
to (TM ⊕ TM∗)C has eigenvalues ∓e, see:[1] for para-complex structures on
a real vector space and other notions. Then LZ ⊕ Lξ is the 0− eigenbundle,
E(1,0) is the 1− eigenbundle and E(0,1) is (−1)− eigenbundle. We have natural
decomposition (TM ⊕ TM∗)C = LZ ⊕ Lξ ⊕ E(1,0) ⊕ E(0,1). We now have the
following four different paracomplex vector bundle which play different roles
L = LZ ⊕ E
(1,0) , L¯ = LZ ⊕ E
(0,1)
L∗ = Lξ ⊕ E
(0,1) , L¯∗ = Lξ ⊕ E
(1,0).
Since LZ is a real line bundle, its paraconjugation is itself. Therefore para-
complex conjugation sends L to L¯. All of these bundles are independent of the
choice of representatives of a generalized almost contact structure.
Lemma 4.1. The bundles L, L∗, L¯, L¯∗, E(1,0) and E(0,1) are isotropic with
respect to <,> given in (1.1)
Proof. For X + α, using (3.5) we have
F(X + α) = FX + π♯α+ σ♯(X)− F
∗α.
Now if X + α ∈ Γ(kerξ ⊕ kerZ), from (1.1) we get
< Z,F(X + α) >=
1
2
iZσ♯(X)− α(FZ).
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Then using (3.2) and (3.10) we have
< Z,F(X + α) >= 0. (4.1)
In a similar way we also have
< ξ,F(X + α) >= 0. (4.2)
Thus if X + α ∈ Γ(kerξ ⊕ kerZ), then F(X + α) ∈ Γ(kerξ ⊕ kerZ). For
X + α, Y + β ∈ Γ(kerξ ⊕ kerZ), using (3.5) we have
< X + α+ eF(X + α), Y + β + eF(X + β) >= β(X) + eβ(FX)
+eβ(π♯α) + eσ♯(Y )(X) + eσ♯(Y )(e(FX + π
♯α)) − eF ∗β(X)
−F ∗β(FX + π♯α) + α(Y ) + eα(FY + π♯β) + eσ♯(X)(Y )
+eσ♯(X)(e(FY + π
♯β))− eF ∗α(Y )− F ∗α(FY + π♯β). (4.3)
Since σ is symmetric and
σ(Y, FX) + σ(X,FY ) = F ∗(σ♯(Y )(X) + σ♯(X)(Y ))
we have
σ(Y, FX) + σ(X,FY ) = 0. (4.4)
On the other hand, using (3.10) and (1.3) we derive
− α(F 2Y ) + σ♯(Y )(π
♯α) + α(Y ) = 0. (4.5)
Now putting (4.4) and (4.5) in (4.3) we obtain
< X + α+ eF(X + α), Y + β + eF(X + β) >= 0
which shows that E(1,0) is isotropic. Taking the paracomplex conjugation in
above computation, we see that E(0,1) is also isotropic. Also from (4.1) and
(4.2) we obtain that the pairings between Lξ or LZ with those E
(1,0) and E(0,1)
are equal to zero. Thus L is isotropic. Similarly, we find that L∗ is isotropic.
We now present the following notion.
Definition 3. Given a generalized almost para-contact structure, if the space
Γ(L) of sections of the associated bundle L is closed under the Courant bracket,
then the generalized almost para-contact structure is simply called a generalized
para-contact structure.
Thus by considering the notions of Dirac structures, quasi-Lie bialgebroids
and Definition 3, we have the following result.
Corollary 4.1. When J = (Z, ξ, π, σ, F ) represents a generalized para-contact
structure, the associated bundle L is a Dirac structure. In addition, the bun-
dle L∗ is a transversal isotropic complement of L in the Courant algebroid
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((TM ⊕ TM∗)C, <,>, J, K), where J, K denotes the Courant bracket. As a re-
sult, the pair L and L∗ is a quasi-Lie bialgebroid.
We now investigate Lie bialgebroid structures on a generalized para-contact
manifold.
Theorem 4.2. Let J = (Z, ξ, π, σ, F ) be an integrable generalized para-contact
structure. The pair L and L∗ forms a Lie bialgebroid if and only if dξ is of type
(1, 1) with respect to the map F on Γ((kerZ ⊕ kerξ)C).
Proof. We first note that the inclusion of L in (TM ⊕TM∗)C followed by the
natural projection onto the first summand is an anchor map. When L is closed
under the Courant bracket, the restriction of the Courant bracket to L completes
the construction of a Lie algebroid structure on L. Since J = (Z, ξ, π, σ, F ) is
a generalized para-contact structure, L is closed under the Courant bracket.
From ([7], Proposition 3.27), we know that a maximal isotropic sub-bundle E˜
of (TM ⊕ TM∗)C is involutive if and only the Nijenhuis operator Nij given by
Nij(A,B,C) =
1
3
{< JA,BK, C > + < JB,CK, A > + < JC,AK, B > (4.6)
vanishes on E˜. Since L is closed with respect to the Courant bracket, by con-
jugation we have
JΓ(E(0,1)),Γ(E(0,1))K ⊆ Γ(LZ ⊕ E
(0,1)) = Γ(L¯).
Isotropic L¯ implies that < LF , LF ⊕ E(0,1) >=< E(0,1), LF ⊕ E(0,1) >= 0.
Thus if X1, X2 and X3 are all sections of E
(0,1), then Nij(X1,X2,X3) = 0.
Thus Nij = 0 if and only if
Nij(X1,X2, ξ) = 0
for X1, X2 ∈ Γ(E(0,1)). Now for X1 ∈ Γ(kerξ) and α1 ∈ Γ(kerZ), by taking
X1 = X1 + α1 − eF(X1 + α1) and X2 = X2 + α2 − eF(X2 + α2) we find
X1 = X1 + α1 − eFX1 − eπ
♯α1 − eσ♯(X1) + eF
∗(α1)
and
ρ(X1) = X1 − eFX1 − eπ
♯α1,
where ρ : L∗ −→ TM is the anchor map. Thus we have
Nij(X1,X2, ξ) =
1
3
{< ρJX1,X2K, ξ > + < ρJX1, ξK, ρX2 > + < ρJξ,X1K, ρX2 >}.
Hence we get
Nij(X1,X2, ξ) =
1
6
ξ([ρX1, ρX2]) +
1
6
(Lρ(X2)ξ)(ρ(X1))−
1
12
(d(iρ(X2)ξ)(ρ(X1))
−
1
6
(Lρ(X1)ξ)(ρ(X1)) +
1
12
(d(iρ(X1)ξ)(ρ(X1)). (4.7)
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Since X2 ∈ Γ(kerξ), by using the second equation of (3.10) we derive
d(iρ(X2)ξ)(ρ(X1)) = 0. (4.8)
Using this in (4.7) we obtain
Nij(X1,X2, ξ) =
1
6
{ξ([ρX1, ρX2]) + (Lρ(X2)ξ)(ρ(X1))− (Lρ(X1)ξ)(ρ(X1))}.
Then exterior derivative and (4.8) imply that
Nij(X1,X2, ξ) =
1
3
{−dξ(ρ(X1), ρ(X2)) + dξ(ρ(X2), ρ(X1))− dξ(ρ(X1), ρ(X2))}.
Thus we arrive at
Nij(X1,X2, ξ) = −dξ(ρ(X1), ρ(X2))
which gives
Nij = −Z ∧ ρ∗(dξ)(2,0), (4.9)
where ρ∗(dξ)(2,0) is the ∧E(1,0)− component of the pullback of the dξ via the
anchor map ρ : L∗ −→ TM . Then proof follows from Theorem 4.1, Lemma 4.1
and (4.9).
The above result motivates us to give the following definition.
Definition 4. An generalized almost para-contact structure is called a strong
generalized para-contact structure if both L and L∗ are closed under the Courant
bracket.
Here is an example for strong generalized para-contact structure.
Example 3. LetH3 be the three-dimensional Heisenberg group and {X1, X2, X3}
a basis for its algebra h3 so that [X1, X2] = −X3. Let {α1, α2, α3} be a dual
frame. Then dα3 = α1 ∧ α2. Now for t = r cosh ϑ+ er sinh ϑ, we define
Ft =
2r sinh ϑ
(1− r2)
(X2 ⊗ α
2 +X3 ⊗ α
3) , ξ = α1, Z = X1
σt =
−r2 + 2r cosh ϑ− 1
(1− r2)
(α2 ∧ α3) , πt =
r2 + 2r cosh ϑ+ 1
(1− r2)
(X2 ∧X3).
Then (ξ,Z, πt, σt, Ft) is a family of generalized almost para-contact structures.
There are two subfamilies of this family, determined by |t|2 = r2 < 1 and
|t|2 = r2 > 1. The corresponding bundle Lt and L∗t are trivialized as follows;
Lt = span{X1, X2 + eα
3 + eF(X2 + eα
3), X3 − eα
2 + eF(X3 − eα
2)}
= span{X1,−(r
2 + r cosh v, )X2 + er sinh vX2 + e(−r
2 + r cosh v)α3
−r sinh vα3,−(r2 + r cosh v)X3 + r sinh vα
2 + er sinh vX3
+e(r2 − r cosh v)α2}
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L∗t = span{α
1, α2 + eX3 − eF(α
2 + eX3), α
3 − eX2 − eF(α
3 − eX2)}
= span{α1,−r sinh vX3 + (−r
2 + r cosh v)α2 − e(r2 + r cosh v)X3
+er sinh vα2, r sinh vX3 + (−r
2 + r cosh v)α3 + e(r2 + r cosh v)X3
+r sinh vα3}.
It is easy to see that all Courant brackets on L∗t are trivial. The only non-zero
Courant bracket on Lt is
JX1,−(r
2 + r cosh v )X2 + er sinh vX2 + e(−r
2 + r cosh v)α3 − r sinh vα3K
= (r2 + r cosh v − er sinh v)X3 − (r sinh v + e(r
2 − r cosh v))α2,
which is belong to Lt. Thus (ξ,Z, πt, σt, Ft) is a family of strong generalized
para-contact structures.
5. Almost para-contact structures as an example
of strong generalized para-contact structures
In this section we are going to show that an almost para-contact structure
has a natural strong generalized para-contact structure on it. Let (ϕ,E, η) be
an almost para-contact structure on a manifold M . An almost para-contact
structure is a normal almost para-contact structure [18] if
Nϕ(X,Y ) = 2dη(X,Y )E,LEη = 0, LEϕ = 0, (5.1)
where Nϕ is defined by
Nϕ(X,Y ) = [ϕX,ϕY ] + ϕ
2[X,Y ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] (5.2)
for any vector fields X,Y .
Lemma 5.1. Let (ϕ,E, η) be a normal almost para-contact structure on a man-
ifold M . If X is a section of E(1,0), then JF,X K is again a section of E(1,0).
Proof. For X = X + α ∈ Γ(kerE ⊕ kerη), using (1.2) we have
JE,X + eFX K = LEX + LEα+ e(LEϕX − LEϕ
∗α) (5.3)
due toX ∈ Γ(kerη) and α ∈ Γ(KerE). SinceM is a normal almost para-contact
manifold we have (5.1). Replacing X by E in (5.1) we have
ϕ2[E, Y ] = −η([E, Y ])E.
Then we get
LEY = ϕLEϕY. (5.4)
(5.1) and (5.4) imply that
ϕLEY = LEϕY. (5.5)
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Thus using (5.5) in (5.3) and considering dual almost para-contact structure ϕ∗,
we get
JE,X + eFX K = LEX + LEα+ e(ϕLEX − ϕ
∗LEα)
which proves assertion.
In the sequel we show that a normal almost para-contact manifold is actually
a strong generalized para-contact manifold.
Theorem 5.1. If J = (Z, ξ, π, σ, F ) represents a generalized almost para-
contact structure associated to a classical normal almost para-contact structure
on an odd-dimensional manifold M , then it is a strong generalized para-contact
structure.
Proof. For X,Y ∈ Γ(kerη), applying η to (5.2) we have
η([ϕX,ϕY ]) = 2dη(X,Y ). (5.6)
Since ϕX and ϕY are also sections of kerη, we derive
− dη(X,Y ) = dη(ϕX,ϕY ). (5.7)
Now for X,Y ∈ Γ(kerη), we have
JX + eϕX, Y + eϕY K = [X,Y ] + [ϕX,ϕY ] + e([ϕX, Y ] + [X,ϕY ]).
Hence we get
JX + eϕX, Y + eϕY K = [X,Y ] + ϕ2[ϕX,ϕY ] + η([ϕX,ϕY ])E
+e([ϕX, Y ] + [X,ϕY ]). (5.8)
Since M is a normal almost para-contact manifold, from (5.1), (5.2) and (5.6)
we obtain
η([ϕX,ϕY ])E + [X,Y ] + ϕ2[ϕX,ϕY ] = ϕ([ϕX, Y ] + [X,ϕY ]). (5.9)
Putting (5.9) in (5.8) we arrive at
JX + eϕX, Y + eϕY K = ϕ([ϕX, Y ] + [X,ϕY ]) + e([ϕX, Y ] + [X,ϕY ]).
Hence we have
JX + eϕX, Y + eϕY EK = ϕ([ϕX, Y ] + [X,ϕY ])
+e(ϕ2([ϕX, Y ] + [X,ϕY ]) + η([ϕX, Y ] + [X,ϕY ]E).
On the other hand, from (5.7) we find
η([ϕX, Y ] + [X,ϕY ]) = 0.
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Using this in above equation, we get
JX + eϕX, Y + eϕY K = ϕ([ϕX, Y ] + [X,ϕY ])
+eϕ(ϕ([ϕX, Y ] + [X,ϕY ])) (5.10)
which shows that JX+eϕX, Y+eϕY K is a section ofE(1,0). Now forX ∈ Γ(kerη)
and α ∈ Γ(kerE), from (1.2), we obtain
JX + eϕX,α− eϕ∗αK = LXα− LϕXϕ
∗α− e(LXϕ
∗α− LϕXα). (5.11)
Evaluating the above expression on the Reeb field E and using (5.1)-(5.3) we
see that both parts of the above expression are sections of kerE. On the other
hand, for any vector field Y ∈ Γ(kerη), we have
−ϕ∗(LXϕ
∗α− LϕXα)(Y ) = −(LXϕ
∗)(ϕY ) + (LϕXα)(ϕY ).
Then observing that ϕ2X = X on kerη, we obtain
− ϕ∗(LXϕ
∗α− LϕXα)(Y ) = −Xα(Y ) + ϕXα(ϕY )
+α(ϕ[X,ϕY ]− [ϕX,ϕY ]).
From (5.1) and (5.2) we have
[ϕX,ϕY ]− ϕ[X,ϕY ] = ϕ[ϕX, Y ]− [X,Y ].
Using this expression in above equation, we derive
− ϕ∗(LXϕ
∗α− LϕXα)(Y ) = −Xα(Y ) + ϕXα(ϕY )
+α([X,Y ]− ϕ[ϕX, Y ]).
= −(LXα)(Y ) + (LϕXϕ
∗α)(Y ).
Hence we arrive at
− ϕ∗(LXϕ
∗α− LϕXα) = −LXα+ LϕXϕ
∗α (5.12)
on kerE. Applying ϕ∗ to (5.12) we have
−(LXϕ
∗α− LϕXα) + (LXϕ
∗α− LϕXα)(E)η = ϕ
∗(−LXα+ LϕXϕ
∗α)
due to the transpose of the formula in (2.2). Since M is a normal almost para-
contact manifold, we obtain (LXϕ
∗α− LϕXα)(E) = 0, thus we have
(LXϕ
∗α− LϕXα) = ϕ
∗(LXα− LϕXϕ
∗α). (5.13)
Using (5.13) in (5.11) we find
JX + eϕX,α− eϕ∗αK = LXα− LϕXϕ
∗α− eϕ∗(LXα− LϕXϕ
∗α)
which shows that JX + eϕX,α − eϕ∗αK ∈ E(1,0). Since the Courant bracket
between two forms are zero, this shows that we have proved that the Courant
bracket between two sections of E(1,0) is again a section of E(1,0). Since the
bundle E(1,0) is E invariant, the bundle is closed under the Courant bracket.
Also we see that (5.7) shows that ρ∗(dη)(2,0) = 0. Therefore L∗ is also closed
with respect to the Courant bracket . Thus proof is completed by Lemma 5.1
and Definition 4.
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